Abstract. In this paper, we find formulas for the number of representations of certain diagonal octonary quadratic forms with coefficients 1, 2, 3, 4 and 6. We obtain these formulas by constructing explicit bases of the space of modular forms of weight 4 on Γ0(48) with character.
Introduction
Let N, N 0 and Z denote the set of positive integers, non-negative integers and integers respectively. For a 1 , . . . , a 8 ∈ N and n ∈ N 0 , we define N (a 1 , . . . , a 8 ; n) := card (x 1 , . . . , x 8 ) ∈ Z 8 |n = a 1 x (1) for all the partitions i + j + k + l = 8, i, j, k, l ≥ 0 appeared in the literature. When all of them (i, j, k, l) are even (there are 26 cases), it was obtained by several authors (see [1, 4, 6, 11, 13, 14, 20] ). When all of them are odd (there are 10 cases), it was obtained in [5] . Recently, in [3] , the authors considered the rest of the cases (mixed parity) and this completed all the cases for the coefficients 1, 2, 3 or 6. In [15] the author considers one octonary quadratic form with coefficients 2, 3, 6 and 12. A few cases of the coefficients 1, 2, 3, 6 are also considered in this paper. It is to be noted that various methods were used to obtain these formulas such as elementary evaluations, using the method of convolution sums of the divisor functions and the theory of modular forms. However, in most of the cases techniques involving modular forms were used.
Formulae for N (a 1 , . . . , a 8 ; n) for the octonary quadratic forms 
where i + j + k = 8, (i, j, k) ∈ {(7, 0, 1), (1, 0, 7), (6, 0, 2), (2, 0, 6), (5, 2, 1), (1, 2, 5) , (5, 0, 3) , (3, 0, 5) , (4, 2, 2), (2, 2, 4), (2, 4, 2) , (4, 0, 4) , (3, 4, 1) , (3, 2, 3) , (1, 6, 1) , (1, 4, 3) } were obtained in [1, 2] . There are a total of 38 cases with coefficients 1, 2, 4 and out of which 10 of them are obtainable from the previous works. The remaining 12 cases are {(1, 1, 6), (1, 3, 4) , (1, 5, 2) , (2, 1, 5) , (2, 3, 3) , (2, 5, 1) , (3, 1, 4) , (3, 3, 2) , (4, 1, 3) , (4, 3, 1) , (5, 1, 2), (6, 1, 1)}.
In this paper, we first complete the 12 cases remaining for the coefficients 1, 2, 4 and then extend the above works to find formulae for the diagonal octonary quadratic forms with coefficients 1, 2, 3, 4 and 6 by using the theory of modular forms. More precisely, we consider the following octonary quadratic forms (with coefficients 1, 2, 3, 4, 6): 
where i + j + k + l + m = 8 and find their number of representations N (a 1 , . . . , a 8 ; n). The corresponding theta series will be a modular form of weight 4 on Γ 1 (48). The case l = 0 is the case with coefficients 1, 2, 3, 6, which was done earlier (as mentioned above) and so we take l = 0. When m = 0, there are 84 cases (with k, l = 0) which is given in Table 1 . (Here we have not included the cases k = 0, which corresponds to the coefficients 1, 2, 4 and l = 0, which corresponds to the coefficients 1, 2, 3.) When m = 0, there are 210 cases which is given in Table 2 } can also be obtained from the results arising from the coefficients 1, 2, 3. However, these cases are also kept in the respective tables. Since we consider different bases for the modular forms spaces, our formulas in these cases are also different from the previous formulas obtained by Alaca and Kesicioglu [3, 4] .
Statement of the Results
Let us first consider the 12 remaining cases of the quadratic forms given by (2) with i + j + k = 8 as mentioned in the introduction. We denote the number of representations of an integer n by these quadratic forms as N (1 i , 2 j , 4 k ; n). Then, the following theorem gives the representation numbers N (1 i , 2 j , 4 k ; n) for the 12 cases (i, j, k) ∈ {(1, 1, 6), (1, 3, 4) , (1, 5, 2) , (2, 1, 5) , (2, 3, 3) , (2, 5, 1) , (3, 1, 4) , (3, 3, 2) , (4, 1, 3) , (4, 3, 1) , (5, 1, 2), (6, 1, 1)}. The terms appearing on the right-hand side of the above formulas are defined in §4.1.
Next we shall state the formulae for the quadratic forms with coefficients 1, 2, 3, 4 given in Table  1 . We state them as four statements in the theorem, each statement corresponds to the four modular forms spaces that appear in the Table 1 . Theorem 2.2. Let n ∈ N and i, j, k, l be non-negative integers such that Table 1 corresponding to the space M 4 (Γ 0 (48)), we have
where A α (n) are the Fourier coefficients of the basis elements f α defined in §4.2 and the values of the constants a α are given in Table 3 .
(ii) For each entry (i, j, k, l) in Table 1 corresponding to the space M 4 (Γ 0 (48), χ 8 ), we have
where B α (n) are the Fourier coefficients of the basis elements g α defined in §4.3 and the values of the constants b α are given in Table 4 .
(iii) For each entry (i, j, k, l) in Table 1 corresponding to the space M 4 (Γ 0 (48), χ 12 ), we have
where C α (n) are the Fourier coefficients of the basis elements h α defined in §4. 4 and the values of the constants c α are given in Table 5 .
(iv) For each entry (i, j, k, l) in Table 1 corresponding to the space M 4 (Γ 0 (48), χ 24 ), we have
where D α (n) are the Fourier coefficients of the basis elements F α defined in §4.5 and the values of the constants d α are given in Table 6 .
In the following theorem we list the formulas for the octonary quadratic forms with coefficients 1, 2, 3, 4, 6 corresponding to Table 2 . The proof is similar to the proof of Theorem 2.2 and so we omit the details. Theorem 2.3. Let n ∈ N and i, j, k, l, m be non-negative integers such that Table 2 corresponding to the space M 4 (Γ 0 (48)), we have
where A α (n) are the Fourier coefficients of the basis elements f α defined in §4.2 and the values of the constants a ′ α are given in Table 7 . (ii) For each entry (i, j, k, l, m) in Table 2 corresponding to the space M 4 (Γ 0 (48), χ 8 ), we have
where B α (n) are the Fourier coefficients of the basis elements g α defined in §4.3 and the values of the constants b ′ α are given in Table 8 . Table 2 corresponding to the space M 4 (Γ 0 (48), χ 12 ), we have
where C α (n) are the Fourier coefficients of the basis elements h α defined in §4. 4 and the values of the constants c ′ α are given in Table 9 . (iv) For each entry (i, j, k, l, m) in Table 2 corresponding to the space M 4 (Γ 0 (48), χ 24 ), we have
where D α (n) are the Fourier coefficients of the basis elements F α defined in §4.5 and the values of the constants d ′ α are given in Table 10 .
Preliminaries
As we use the theory of modular forms, we shall first present some preliminary facts on modular forms. For k ∈ 1 2 Z, let M k (Γ 0 (N ), χ) denote the space of modular forms of weight k for the congruence subgroup Γ 0 (N ) with character χ and S k (Γ 0 (N ), χ) be the subspace of cusp forms of weight k for Γ 0 (N ) with character χ. We assume 4|N when k is not an integer and in that case, the character χ which is a Dirichlet character modulo N , is an even character. When χ is the trivial (principal) character modulo N , we shall denote the spaces by M k (Γ 0 (N )) and S k (Γ 0 (N )) respectively. Further, when k ≥ 4 is an integer and N = 1, we shall denote these vector spaces by M k and S k respectively.
For an integer k ≥ 4, let E k denote the normalized Eisenstein series of weight k in M k given by
where q = e 2iπz , z ∈ H, the complex upper half-plane, σ r (n) is the sum of the rth powers of the positive divisors of n, and B k is the k-th Bernoulli number defined by
The classical theta function which is fundamental to the theory of modular forms of half-integral weight is defined by
and is a modular form in the space M 1/2 (Γ 0 (4)). Another function which is mainly used in our work is the Dedekind eta function η(z) and it is given by
An eta-quotient is a finite product of integer powers of η(z) and we denote it as follows:
where d i 's are positive integers and r i 's are non-zero integers.
In the following we shall present some facts about modular forms of integral and half-integral weights, which we shall be using in our proof. Fact I. We give a fact about certain duplication of modular forms, which follow from the two results: Chapter 3, Propostion 17 of [12] and Proposition 1.3 of [23] . If f is a modular form in M k (Γ 0 (N ), χ), then for a positive integer d, the function f (dz) is a modular form in M k (Γ 0 (dN ), χ), if k is an integer and it belongs to the space M k (Γ 0 (dN ), χχ d ), if k is a half-integer. Here, we have used the notation χ m := m · , the Kronecker symbol, where m is a non-zero integer, which is a character modulo |m|. Fact II. For positive integers r, r 1 , r 2 , d 1 , d 2 , we have
(16) In order to get the above fact we use the following properties.
are two modular forms of weight k i (where k 1 and k 2 are integers or half-integers). Then, it follows that the product f 1 f 2 is a modular
If both the weights k 1 and k 2 are integers, then the resulting form is of weight k 1 + k 2 (which is an integer) and so
is half-integer (say) with k 1 integer and k 2 half-integer, then χ 1 (−1) = (−1) k 1 and χ 2 is an even character modulo 4N 2 . Since the resulting form is of half-integral weight we must have ψ an even character. Therefore, ψ = χ 1 χ 2 if k 1 is even and ψ = χ 1 χ 2 χ −4 if k 1 is odd. If both k 1 and k 2 are half-integer, then the resulting form is of integer weight k 1 + k 2 . Since χ 1 χ 2 is an even character, when k 1 + k 2 is an odd integer, the character of the space should be χ 1 χ 2 χ −4 instead of χ 1 χ 2 . Using these facts, we get the special cases as mentioned in (15) 
where the direct sum varies over all Dirichlet characters modulo N if the weight k is a positive integer and varies over all even Dirichlet characters modulo N , 4|N , if the weight k is half-integer. Further, if k is an integer, one has M k (Γ 0 (N ), χ) = {0}, if χ(−1) = (−1) k . We also have the following decomposition of the space into subspaces of Eisenstein series and cusp forms:
where E k (Γ 0 (N ), χ) is the space generated by the Eisenstein series of weight k on Γ 0 (N ) with character χ. Fact IV. For this fact we refer to the works of Atkin-Lehner and Li [7, 17] . By the Atkin-Lehner theory of newforms, the space S k (Γ 0 (N ), χ) can be decomposed into the space of newforms and oldforms:
where the above is an orthogonal direct sum (with respect to the Petersson scalar product) and
In the above, S new k (Γ 0 (N ), χ) is the space of newforms and S old k (Γ 0 (N ), χ) is the space of oldforms and the operator B(d) is given by f (z) → f (dz). Fact V: Suppose that χ and ψ are primitive Dirichlet characters with conductors M and N , respectively. For a positive integer k, let
where
and B k,ψ denotes generalized Bernoulli number with respect to the character ψ. Then, the Eisenstein series E k,χ,ψ (z) belongs to the space
, where E k is the normalized Eisenstein series of weight k as defined before. For more details we refer to [19, Chapter 7] and [24, Section 5.3] .
We give a notation to the inner sum in (21):
For more details on the theory of modular forms of integral and half-integral weights, we refer to [7, 12, 17, 19, 23] .
Proofs
In this section, we shall give a proof of our results. As mentioned in the introduction, we shall be using the theory of modular forms. Using Fact II, it is easy to see that the theta series associated to the quadratic forms with coefficients 1, 2, 4 belong to the space M 4 (Γ 0 (16), χ), where χ is a Dirichlet character modulo 16 and the theta series associated to the quadratic forms with coefficients 1, 2, 3, 4, 6 belong to the space M 4 (Γ 0 (48), ψ), where ψ is a Dirichlet character modulo 48. Therefore, in order to get the required formulae for N (a 1 , . . . , a 8 ; n), we need a basis for these spaces. We shall give explict bases for the following spaces of modular forms of weight 4:
(We have used the L-functions and modular forms database [16] 
The space S new
is spanned by the following two eta-quotients (from now onwards we will be using the notation given in (14)):
(24) In the following proposition, we shall give a basis of M 4 (Γ 0 (16), χ 8 ).
We are now ready to prove Theorem 2.1. In these cases, the quadratic forms have coefficients 1, 2, 4. Therefore, by Fact II, all of them belong to the space of modular forms of weight 4 on Γ 0 (16). Since the power of theta function corresponding to the coefficient 2 is odd in all these cases, the modular forms spaces will have charcter χ 8 . Therefore, expressing each of the theta series corresponding to these 12 quadratic forms as a linear combination of the basis elements given in Proposition 4.1. Now, by comparing the n-th Fourier coefficients, we obtain the formulas listed in Theorem 2.1. 
A basis for
Let χ −4 be the primitive odd character modulo 4. Then the following new Eisenstein series belongs to E 4 (Γ 0 (16)):
We use the following notation in the sequel. For a Dirichlet character χ and a function f with Fourier expansion f (z) = n≥1 a(n)q n , we define the twisted function f ⊗ χ(z) as follows.
A basis for the space M 4 (Γ 0 (48)) is given in the following proposition.
Proposition 4.2.
A basis for the Eisenstein series space E 4 (Γ 0 (48)) is given by
and a basis for the space of cusp forms S 4 (Γ 0 (48)) is given by
Together they form a basis for M 4 (Γ 0 (48)).
For the sake of simplicity in the formulae, we list these basis elements as
We also express the Fourier coefficients of the function f α (z) as n≥1 A α (n)q n , 1 ≤ α ≤ 30.
We are now ready to prove the theorem. Noting that all the 10 cases corresponding to the trivial character space (in Table 1 ) have the property that the powers of the theta functions corresponding to the coefficients 2 and 3 are even. Therefore, the resulting functions belong to the space of modular forms of weight 4 on Γ 0 (48) with trivial character (we use Fact II to prove this). So, we can express these theta functions as a linear combination of the basis given in Proposition 4.2 as follows.
where a α 's some constants. Comparing the n-th Fourier coefficients on both the sides, we get
Explicit values for the constants a α , 1 ≤ α ≤ 30 corresponding to the 10 cases are given in Table 3 . 
As before, we also write the Fourier expansions of these basis elements as
In this case, all the 10 quadruples corresponding to the χ 8 character space (in Table 1 ) have the property that the powers of the theta functions corresponding to the coefficients 2 are odd and corresponding to 3 are even. Therefore, the resulting products of theta functions are modular forms of weight 4 on Γ 0 (48) with character χ 8 (we use Fact II to prove this). So, we can express these products of theta functions as a linear combination of the basis given in Proposition 4.3 as follows.
Comparing the n-th Fourier coefficients on both the sides, we get
Explicit values for the constants b α , 1 ≤ α ≤ 28 corresponding to these 10 cases are given in Table  4 . 
A basis for
A basis for the space (M 4 (Γ 0 (48)), χ 12 ) is given in the following proposition. 
where the Eisenstein series in the basis are defined by (21) .
Let us denote the 30 basis elements in the above proposition as follows.
To prove Theorem 2.2(iii), we consider the case of 10 quadruples corresponding to the χ 12 character space (in Table 1 ). Now the roles of coefficients have interchanged and they have the property that the powers of the theta functions corresponding to the coefficients 2 are even and corresponding to 3 are odd. Therefore, the resulting products of theta functions are modular forms of weight 4 on Γ 0 (48) with character χ 12 (once again we use Fact II to get this). So, we can express these products of theta functions as a linear combination of the basis given in Proposition 4.4 as follows.
where c α 's are some constants. By comparing the n-th Fourier coefficients on both the sides, we get
Explicit values for the constants c α , 1 ≤ α ≤ 30 corresponding to these 10 cases are given in Table 5 . 4.5. A basis for M 4 (Γ 0 (48), χ 24 ) and proof of Theorem 2.2(iv). In this case the space has dimension 28. To get the span of the Eisenstein series space E 4 (Γ 0 (48), χ 24 ) (which has dimension 8), we use the Eisenstein series E 4,χ,ψ (z) defined in (21) , where χ, ψ ∈ {1, χ −8 , χ −12 , χ 24 }. Note that 24 ) is spanned by the following ten eta-quotients (notation as in (14) 
We write the Fourier expansions as f 4,24,χ 24 ;j (z) = n≥1 a 4,24,χ 24 ;j (n)q n . We now give a basis for the space M 4 (Γ 0 (48), χ 24 ) in the following proposition.
Proposition 4.5. The following functions span the space M 4 (Γ 0 (48), χ 24 ).
We list these basis elements as {F α (z)|1 ≤ α ≤ 28}, where
,χ 24 ;9 (z), F 26 (z) = f 4,24,χ 24 ;9 (2z), F 27 (z) = f 4,24,χ 24 ;10 (z), F 28 (z) = f 4,24,χ 24 ;10 (2z). We express the Fourier coefficients of the function F α (z) as n≥1 D α (n)q n , 1 ≤ α ≤ 28. In this case all the 10 quadruples have the property that the powers of the theta functions corresponding to the coefficients 2 and 3 are both odd. Therefore, the resulting functions belong to the space of modular forms of weight 4 on Γ 0 (48) with character χ 24 . As before, we use Fact II to arrive at this result. So, one can express these theta functions as a linear combination of the basis elements:
where d α 's are some constants. Comparing the n-th Fourier coefficients on both the sides, we get
The values for the constants d α , 1 ≤ α ≤ 28 corresponding to the 10 cases are given in Table 6 .
Remark 4.1. As we see in the proofs of Theorems 2.1 and 2.2, the main part of the proof is the construction of a basis of modular forms of weight 4 on Γ 0 (48) with some character. In the case of Theorem 2.3 we need to consider the quadratic forms given by Table 2 . Since all these quadratic forms correspond to modular forms of weight 4 on Γ 0 (48) with character (as specified in the table), we can follow the proof of Theorem 2.2 and complete the proof. The corresponding coefficients are given in Tables 7 to 10 . So, we omit the details here. For our construction of bases we used the newforms theory which involves old classes of levels 6, 8, 12, 16 and 24. Therefore, from our construction it is easy to get bases for the modular form spaces M 4 (Γ 0 (24), χ), where χ is either the trivial character modulo 24 or χ = χ m , m = 8, 12 or 24. In our work [22] , we used the above bases of M 4 (Γ 0 (24), χ) to find formulas for the representation numbers of a positive integer by certain classes of quadratic forms in 8 variables.
Remark 4.3
We now make a remark about the number of coefficients of the products of the theta functions that are needed to get the linear combination constants
that are listed in the tables (3 to 6) (resp. 7 to 10). The Sturm bound for the determination of a non-zero modular form of level N is kν/12, where ν is the index of the congruence subgroup Γ 0 (N ) in SL 2 (Z) (see [25] ). In our case N = 48, k = 4, the index ν = 96 and so the Sturm bound is 32. In the table below, we list the number of coefficients needed (to get the constants), the Sturm bound and the dimension of the respective spaces of modular forms. Formulas for the cases (5, 0, 2, 1), (3, 2, 2, 1) of Theorem 2.2(i). 
Formulas for the cases (4, 1, 2, 1), (2, 3, 2, 1) of Theorem 2.2(ii). Remark 4.5 . We note that formulas for the cases (i, j, k, l, m) (i.e., with coefficients 1, 2, 3, 4, 6) in Table 2 , with i = k = 0 can be obtained from the work [4] (replacing n by n/2 in their formulas).
There are 28 such cases (10 for χ 24 character case and 6 each in the remaining 3 characters) in Table  2 with this condition. It is to be noted that different bases were used in [4] to get the formulas. So, replacing n/2 by n in our formulas in these 28 cases, we get different formulas for these cases (with coefficients 1,2,3) when compared with [4] .
List of tables
In this section we list Tables 1 and 2 , which give the list of exponents of the theta functions corresponding to the coefficients 1, 2, 3, 4 and 1, 2, 3, 4, 6 respectively. We mention only the character χ in these tables corresponding to the space M 4 (Γ 0 (48), χ). The rest of the tables 3 to 10 give the coefficients list for the formulas for the number of representations corresponding to Theorem 2.2 and Theorem 2.3. These tables (3 to 10) are kept at the end as an Appendix. Table 1 . Octonary quadratic forms with coefficients 1, 2, 3, 4 (k, l = 0). 1,0,6,1),(1,0,4,3) , triv. (1,0,2,5),(3,2,2,1),(2,2,2,2),(1,4,2,1),(1,2,4,1),(1,2,2,3)  (0,5,2,1),(0,3,4,1),(0,3,2,3),(0,1,6,1),(0,1,4,3),(0,1,2,5),(4,1,2,1),  (3,1,2,2),(2,3,2,1),(2,1,4,1),(2,1,2,3),(1,3,2,2),(1,1,4,2),(1,1,2,4) χ 1,1,2),(3,3,1,1).(3,1,3,1),(3,1,1,3),(2,3,1,2),(2,1,3,2),(2,1,1,4) , 5,1,1),(1,3,3,1),(1,3,1,3),(1,1,5,1),(1,1,3,3 ),(1,1,1,5) Table 2 . Octonary quadratic forms with coefficients 1, 2, 3, 4, 6 (l, m = 0). 5,1,1,1),(0,1,3,1,3),(0,3,1,1,3),(0,1,1,3,3), (0,1,1,1,5) (0,1,3,3,1),(0,3,1,3,1),  (0,1,1,5,1),(1,1,1,2,3),(1,1,1,4,1),(1,1,3,2,1),(1,3,1,2,1 1,3,1,1),(2,3,1,1,1),(2,1,1,1,3),(2,1,1,3,1 0,3,1,3),(1,2,1,1,3),(1,0,1,1,5),(1,0,1,3,3),(1,0,5,1,1),(1,2,3,1,1),(1,4,1,1,1),(1,0,3,3,1) χ 8 (1,2,1,3,1),(1,0,1,5,1),(2,2,1,2,1),(2,1,2,1,2 ),(2,3,0,1,2),(2,1,0,3,2),(2,1,0,1,4),(2,0,1,2,3) (2,0,1,4,1),(2,0,3,2,1),(3,1,0,2,2),(3,0,1,1,3),(3,0,3,1,1),(3,2,1,1,1),(3,0,1,3,1 1,0,6,1),(1,1,2,1,3),(1,1,0,3,3),(1,1,4,1,1),(1,1,0,1,5)  (1,1,2,3,1),(1,1,0,5,1),(1,0,3,2,2),(1,2,1,2,2)(1,0,1,4,2),(1,0,1,2,4),(1,3,0,1,3),(1,3,2,1,1) χ 12 (1,5,0,1,1),(1,3,0,3,1),(2,2,1,1,2),(2,0,3,1,2),(2,0,1,3,2),(2,0,1,1,4),(2,1,0,2,3),(2,1,0,4,1)  (2,1,2,2,1),(2,3,0,2,1),(3,3,0,1,1),(3,0,1,2,2),(3,1,0,1,3),(3,1,2,1,1),(3,1,0,3,1 1,1,4,2),(0,1,1,2,4), (1,1,1,3,2),(1,1,1,1,4),(1,1,3,1,2),(1,0,2,2,3) , (1,2,0,2,3),(1,0,0,4,3),(1,0,2,4,1),(1,2,0,4,1), (1,0,4,2,1),(1,2,2,2,1),(1,4,0,2,1),(1,0,0,2,5 ), χ 24 (1,0,0,6,1),(1,3,1,1,2),(2,2,2,1,1),(2,2,0,1,3), (2,2,0,3,1),(2,0,2,1,3 
Appendix
We list the tables 3 to 10 below. b1  b2  b3  b4  b5  b6  b7  b8  b9  b10  b11  b12  b13 
